A possibility that the CP violation in our world is caused by the existence of other wall without any messenger bulk fields is investigated in the context of the brane world scenario. We estimate the amount of the CP violation on our wall, and find that it becomes exponentially small as the distance between the walls increases. An interesting case where CP is violated due to the coexistence of the walls that conserve CP individually is also considered. As a calculable double-wall configuration, we give an example of a non-equidistant wall configuration along the compactified space, which may be useful for other purposes.
Introduction
V n , where n and V n are a dimension and a volume of the compact extra space respectively. Thus M * can be the TeV scale by supposing that the radii of the compactified extra dimensions are large compared to 1/M pl . However there is still a large hierarchy between M * and 1/(V n ) 1/n . In contrast, a rather different idea was proposed to solve the hierarchy problem in Ref. [6] . Their model consists of our four-dimensional world and another three-brane, which are located at fixed points of an orbifold S 1 /Z 2 whose radius is r c . Assuming a nonfactorizable metric of the bulk space-time, the weak scale M w is related to the fundamental scale M * , which is of order the Planck scale M pl in this scenario, by M w = e −πkrc M * , where k is a parameter of order M * . For the sake of the exponential dependence on the radius r c , we can obtain large hierarchy between M w and M pl without introducing any hierarchy among the fundamental parameters. Indeed, if kr c ∼ 12, the observed hierarchy M pl /M w ∼ 10 16 is realized. In addition, it was pointed out in Ref. [7] that the hierarchy among the fermion masses in the standard model may be explained by localizing fermions in different generations on different walls that are located separately along a compact extra dimension. Then the fermion mass hierarchy is realized by the coupling to a Higgs condensate that falls off exponentially away from the wall on which the Higgs is localized.
Many other applications of the brane world scenario to cosmology and astrophysics are also investigated [8, 9] .
On the other hand, the origin of the CP violation is still a mystery in particle physics. One of its candidates is an idea that the CP symmetry of the system is violated spontaneously [10] . This is convincing as a solution to the strong CP problem [11, 12] and can easily control CP violating phases appearing in the supersymmetric standard models or models with enlarged Higgs sector [13, 14, 15] . This scenario is based on the assumption that CP is an exact symmetry in high energy region but violated by the complex vacuum expectation values (VEVs) of some scalar fields at low energy.
There is another possibility of the spontaneous CP violation when the brane world scenario is considered. Namely, CP is conserved in the fundamental bulk theory but violated by the wall configuration instead of the complex VEVs of the scalar fields on our wall. We will investigate such a case in this paper.
Here we will assume that we are living on the four-dimensional domain wall, which interpolates the degenerate vacua of a five-dimensional fundamental theory. In general, such a domain wall solution can be a complex configuration even if parameters of the fundamental theory are all real. For an arbitrary complex domain wall, however, parameters appearing in the effective theory on the wall might have complex phases of order one magnitude. Thus the CP symmetry might be violated by large amount in contradiction to the experimental data in the case where the effective theory has a lot of parameters like the supersymmetric standard models, the multi-Higgs standard models and so on. Then we will assume that the five-dimensional fundamental theory conserves the CP symmetry and our wall is essentially a real configuration when it is isolated.
The purpose of this paper is to propose a mechanism of the CP violation due to the existence of the other wall and estimate the amount of the CP violation induced on our wall. We find that it becomes exponentially small as the distance between the walls grows. We also propose a practical method of the estimation for the CP violation, and confirm the validity of it. In addition, we discuss an interesting case where CP is conserved when each wall is isolated, but violated when the two walls coexist. We emphasize that our CP violating mechanism does not need any bulk fields communicating the CP violating effects from other wall to ours, in contrast to Ref. [16] .
In this paper, we do not consider any gravitational effects nor gauge fields for simplicity. However, the results obtained here is supposed to be general and does not depend on the details of the theory.
The paper is organized as follows. In the next section we will introduce a particular model that has a calculable double-wall configuration, which is static and stable. One of the two walls becomes a real configuration in the limit of the wall distance to infinity and we regard it as the wall we are living, while the other wall is complex even in this limit. Then in Section 3 we will introduce matter fields, which are trapped on our wall and estimate the CP violation in the four-dimensional effective theory by investigating the effective Yukawa couplings. In Section 4, another interesting model is considered. This model has two domain walls that are essentially real configurations individually, but the configuration becomes complex when the two walls coexist. Section 5 is devoted to the summary and some discussions.
A model with a calculable double-wall configuration
Here we will consider a particular model that has a calculable double-wall configuration with desired features. We will introduce a five-dimensional scalar theory as follows.
where α is a real parameter. Here, the fifth dimension is compactified on S 1 whose radius is R, and its coordinate is denoted as y, i.e. y ≡ x 4 . The target space of the scalar field A has a topology of a cylinder with two points (A * ) 1,2 deleted 2 ( Fig.1) ,
and
The model has two vacua at A = ±π/3 − α and the potential has two poles at A = (A * ) 1,2 . There are three noncontractible cycles, Γ 1 , Γ 2 and Γ 3 depicted in Fig.1 . Now let us consider a vacuum configuration that depends only on y. We will seek a domain wall configuration that winds around the pole (A * ) 1 counterclockwise as y increases. Its trajectory on the target space corresponds to the cycle Γ 2 . A configuration like this is topologically stable. To obtain such a configuration, we will dimensionally reduce our model to the four-dimensional theory in terms of x 3 -direction, for example. Then the problem is reduced to seeking a three-dimensional domain wall configuration in the four-dimensional theory.
In this case, our model Eq.(1) can be regarded as a bosonic part of a four-dimensional N = 1 supersymmetric model,
where Φ = A + √ 2θψ + θ 2 F is a chiral superfield, and W (Φ) is a superpotential as follows. ImA Figure 2 : the BPS trajectory homotopical to the cycle Γ 2 . This is the contour corresponding to α = 0.01 (I ∞ = −0.00357) and I 0 = −0.00448.
We will seek a BPS configuration in this model. Such a configuration can be found by using a method proposed in Ref. [17] . The period corresponding to the cycle Γ 2 is ∆W =
Thus the BPS equations are
where δ ≡ arg(∆W ). The multivalued function I(A, A * ) is defined as
This is the integral of motion of Eq. (7). Note that a trajectory of a BPS configuration on the field space is a contour line of I(A, A * ) = I 0 where I 0 is a real constant. Here we are interested in the field configuration that has a wall structure, so we will consider a contour line that passes near the two vacua A = ±π/3 − α as shown in Fig.2 . It can be obtained by putting I 0 close to the value I ∞ ≡ Im(e −iδ W (π/3 − |α|)) from below. To parametrize the contour shown in Fig.2 , we will introduce θ ≡ arg{i(A−(A * ) 1 )} as a parameter, where A is a point on the contour. The relation between θ and y is obtained from Eq. (7),
Here we set the initial condition as θ = 0 at y = 0. By using this relation, we can obtain the classical solution A cl (y) for each value of I 0 . At first, let us consider the case of α = 0. In this case, I ∞ = 0 and the configuration becomes two BPS domain walls whose periods are both infinity in the limit of I 0 → I ∞ . These two domain walls preserve the same supersymmetry in contrast to the case discussed in Ref. [18] . This configuration has an equidistant-wall structure shown in Fig.3 . Here the period of the configuration is set to be 2πR to realize a double-wall system. The wall located at y = 0 becomes a real configuration A
cl (y) in the limit of R → ∞, and we will regard it as our wall in the following. The inverse function of A (1) cl (y) can be calculated analytically as
On the other hand, the other wall located at y = πR is a complex configuration even if R goes to infinity. We will denote this wall in the limit of R → ∞ as A (2) cl (y). Next we will consider the case of α = 0. In this case, when I 0 is put close to I ∞ , the contour approaches the two vacua in an asymmetric manner and thus the configuration has a non-equidistant-wall structure shown in Fig.3 , in contrast to the cases in Ref. [17] and Ref. [19] . Unlike the previous case, our wall does not become a real configuration even in the limit of R → ∞ (i.e., I 0 → I ∞ ) and becomes a structure such that two BPS domain walls are finitely separated in a non-compact space. This configuration is similar to the one in Ref. [20] . In the case of α > 0, for example, this finite distance between the walls is determined by the distance between the vacuum A = −π/3 − α and the contour passing through the other vacuum A = π/3 − α, and it becomes infinity in the limit of α → 0.
From these facts, for a given compactified radius R, the distance between our wall and the other wall can be set to an arbitrary value by adjusting the constant I 0 and the parameter α 3 . Thus we can also discuss the case in which the extra dimension is non-compact by taking R large enough compared to the wall distance.
Notice that changing α means considering different theories since α is a parameter of the theory. Thus if we want to change the wall distance variously for a fixed value of R, the parameter α must be regarded as an external field. That is, the external field α is introduced in order to shift the position of the other wall from y = πR. Here note that the energy (per unit area) of the configuration is equal to 2|∆W | = (4π/ √ 3) (1 − cos α) 2 + 9/4 and thus takes the minimal value when α = 0, that is, the other wall is located at y = πR.
Although the classical configuration A cl (y) is obtained in the four-dimensional N = 1 supersymmetric model, this configuration can be taken for a four-dimensional wall configuration in the five-dimensional non-supersymmetric theory of Eq. (1), because all we used in the above derivation is a bosonic part of the theory. Thus in the following, we will regard A cl (y) as a desired classical configuration of the model of Eq.(1).
Effective theory and CP violation 3.1 Trapped light modes on our wall
In this section, we will introduce matter fields and investigate the light modes trapped on our wall.
At first, we introduce a five-dimensional matter fermion,
and assume that it interacts with the wall scalar field A as
where the coupling constant g is real positive andλ is the Dirac conjugate of λ. In this case, the linearized equation of motion for λ is
where γ µ denotes the four-dimensional γ-matrix in the chiral representation. Here defining operators O λ L ≡ −∂ y + gReA cl (y) and O λ R ≡ ∂ y + gReA cl (y), mode functions ϕ λ L ,n (y) and ϕ λ R ,n (y) are defined as solutions of the mode equations,
Using these mode functions, the five-dimensional spinor fields can be expanded as
where x denotes the four-dimensional coordinates. In this case, the expansion coefficients λ Ln (x) and λ Rn (x) are regarded as the four-dimensional Weyl spinor fields with masses m n ≡ (m α,n m β,n ) 1/2 [7] . If there is a zero-mode in λ L or λ R , its mode function must satisfy an equation
where C λ L and C λ R are normalization factors. The mode ϕ λ L 0 is localized on our wall (y = 0), and the mode ϕ λ R 0 is on the other wall [21] . However, in order for them to be the mode functions, the functions in Eq.(16) must satisfy the periodic condition,
For the background configuration A cl (y) obtained in the previous section, Eq.(16) satisfies this condition only in the case of α = 0. So no zero-mode exists in λ L nor λ R when α = 0. Nevertheless, since there exists the zero-mode in a single-wall background [22] , it is natural to suppose that a pseudo-zero-mode exists when the distance between the walls is large enough. Then we will assume that there exists the pseudo-zero-mode in λ for non-zero α in the following.
We are interested in the (pseudo-) zero-mode localized on our wall. This mode is well approximated by ϕ λ L 0 (y) at least near our wall. To be clear later, what is important in the following discussion is the behavior of the mode functions near our wall. So we will use ϕ λ L 0 (y) in Eq.(16) as the pseudo-zero-mode trapped on our wall. Now we will introduce another bulk fermion,
and assume an interaction with A as
where h is real positive. In much the same way, the pseudo-zero-mode localized on our wall is
where C χ R is a normalization factor. Next we will consider a scalar mode trapped on our wall. Let us introduce a bulk complex scalar field B. To obtain a (pseudo-) zero-mode localized on our wall, we will assume an interaction as follows.
where
Then linearized equation of motion for B is
This equals that for a fluctuation fieldÃ(x, y) around the background A cl (y), and thus there exists a zero-mode in B that corresponds to the Nambu-Goldstone mode (NG mode) inÃ for the breaking of the translational invariance along the fifth dimension. Then its mode function φ B0 (y) is
where C B is a normalization factor. Note that C B is a real number in contrast to that C λ L and C χ R are in general complex. This stems from the fact that a relative phase redefinition between B and A cl changes the linearized equation of motion Eq. (23), while that for λ and χ are invariant under relative phase redefinitions of λ and χ to A cl . The mode φ B0 (y) is not only localized on our wall but also on the other wall. Among the mode functions ofÃ, there is a pseudo-zero-mode corresponding to the breaking of an approximate symmetry for changing the relative distance between the walls 4 . Then the appropriate linear combination of the NG mode and this pseudo NG mode has its support only on our wall, although it is not a mass eigenstate. This can be regarded as the pseudo NG mode corresponding to the breaking of an approximate symmetry for translating only our wall. Since the pseudo NG mode is nearly massless when the wall distance is large, the fact that it is not a mass eigenstate does not cause any trouble in the following discussion. Therefore the pseudo-zero-mode localized only on our wall exists in B, and it is well approximated by φ B0 (y) in Eq.(24) near our wall except for an overall normalization.
Estimation of CP violation
In order to discuss a four-dimensional effective theory, we will add the following interaction term to the original lagrangian Eq.(1),
where g i , h j > 0 and y ij are real, and all these coupling constants are independent and of order one. Here n g denotes the number of generations. There are pseudo-zero-modes λ Li,0 (x), χ Rj,0 (x) and b 0 (x) in λ i , χ j and B respectively, which are all localized on our wall, and their mode functions are well approximated near our wall by
where C λ L i , C χ R j are complex and C B is real. By integrating out the massive modes, we can obtain a four-dimensional effective theory. The effective Yukawa coupling y effij involving λ Li,0 , χ Rj,0 and b 0 , which appears in this effective theory, is calculated as [2, 18] 
Taking into account the profiles of the mode functions in Eq. (26), we can see the main contribution to the overlap integral comes from the neighborhood of our wall. Therefore we can use the approximate mode functions in Eq. (26) as a good approximation. The CP violation in this effective theory appears in the complex phases of the Yukawa couplings, i.e. ζ ij ≡ arg(y effij ). However if ζ ij = ζ(g i , h j ) have a structure such as ζ ij = η(g i ) + η(h j ) where η(g i ) is some function depending on g i only, all of the phases can be removed by the field redefinition of λ Li,0 and χ Rj,0 , and thus CP is not violated. We want a measure of the CP violation independent of the field redefinition. Then we will introduce a quantity :
as a measure of the CP violation. This does not depend on the definition of the normalization factors of the mode functions, namely it is invariant against the phase redefinition of the four-dimensional fields λ Li,0 and χ Rj,0 . Note that whether CP is violated or not depends on the details of the theory. Then ∆ = 0 does not directly mean that the CP violation occurs. For example, if there are no other interactions except for Eq.(25), the effective Yukawa coupling y effij can be redefined to a real diagonal matrix by appropriate field redefinitions,
where U L , U R ∈ U(n g ). In this case, effective Yukawa interactions involving the zero mode inÃ: a 0 , λ Li,0 and λ Rj,0 , or a 0 , χ Li,0 and χ Rj,0 induced from the first and second terms of Eq.(25) become non-diagonal, and their coupling constants are complex. However, these couplings are negligible small because they are interactions between the modes localized on our wall and localized on the other wall. So no CP violation effects are observed on our wall in this case. Thus we will assume that there are some quantum numbers depending on the flavors, so that we cannot execute the field redefinitions like Eq.(29) that mix different flavors. Under this assumption, the CP violation occur in our four-dimensional effective theory and its effect is parametrized by ∆ as long as there is no extra mechanism that suppresses it. Since ∆ does not depend on the normalization factors of the mode functions, we will neglect them in the following. From Eq.(26) and Eq.(27), the effective Yukawa couplings are written as
We can calculate ∆ using this formula. This result is shown in Fig.4 . As we can see from this plot, the CP violation effect decays exponentially as the wall distance increases. Next we will propose a practical method of estimation for ∆. We often encounter the case that a single-wall background solution is known but we do not know an exact doublewall background solution. Thus we will try to estimate ∆ by using only a knowledge about the single-wall background configuration A (1) cl (y) and A (2) cl (y) defined in Section 2. When the walls are distant from each other, we can approximate the exact configuration A cl (y) near our wall by
where d is the distance between the walls. Then ζ ij are approximated by
By using these ζ ap ij instead of ζ ij in Eq.(28), the measure of the CP violation ∆ can be estimated. We call this method the "single-wall approximation". Fig.4 shows the logarithms of ∆ calculated by using the exact configuration A cl (y) and the single-wall approximation as functions of the distance between the walls for a representative case of g 1 = 1.0, g 2 = 1.5, h 1 = 0.7 and h 2 = 2.3. For different values of the couplings (g 1 , g 2 , h 1 , h 2 ), the result does not change so much. As this plot shows the single-wall approximation can be used for the order estimation of ∆.
In the case of α = 0, φ B0 (y) = Im∂ y A cl (y) becomes an odd function and ϕ λ Li ,0 (y) and ϕ χ Rj ,0 (y) become even functions, and thus ζ ij = 0, that is, ∆ = 0. This can also be said that the CP violating effect from the other wall at y = πR and that from the other wall at y = −πR to our wall cancel each other, and the CP violation does not occur on our wall. Note that the wall configuration has an equidistant structure in this case.
This phenomenon stems from the fact that the extra dimension is compactified. In  Fig.4 , the result of the single-wall approximation slightly deviates from the exact one when the distance between the walls increases. The reason for it is as follows. We set the period of the configuration A cl (y) to some finite value during the calculation. Thus when the wall distance d becomes large, the contribution of the other wall at y = −(2πR − d) cannot be neglected and the cancellation for the CP violation effect mentioned above partially occurs. In contrast, the single-wall approximation used here does not take into account the contribution of the other wall at y = −(2πR − d). Thus the two results in log ∆ ) cl (y) + i{ImA (2) cl (y − d) + ImA (2) cl (y − 2πR + d)} near our wall.
CP violation due to the coexistence of the walls
Here we will consider an interesting case that CP is conserved when each wall is isolated, but violated when the two walls coexist.
Let us consider the five-dimensional theory as follows.
Unlike the previous model, the fifth dimension does not compactified here. This model has four degenerate vacua A = 0, 1, e 2πi/3 and e −2πi/3 , shown in Fig.5 . There is a domain wall configuration interpolating the vacua A = 1 and A = 0 [23] 5 ,
Similarly, there is another wall configuration interpolating the vacua A = 0 and
cl (y) = e 2πi/3
Here y 1 and y 2 roughly represent the position of the walls. These solutions are linear configurations on the field space, that is, essentially real configurations. Thus an appropriate CP transformation under which the background is invariant can be defined for each wall. However the CP transformation defined for A (1) cl (y) is different from that for A (2) cl (y), and thus we cannot define an appropriate CP transformation when the two walls coexist. Therefore CP is violated in such a situation. Now we will investigate the configuration shown in Fig.6 . We will regard A
cl (y) and A (2) cl (y) as our wall and the other wall respectively, and localize matter fields on our wall. We will set y 1 , y 2 = 0 in the following.
Following Eq.(25) in the previous model, we will introduce interactions as follows, where g i , h j > 0 and y ij is real, and
are five-dimensional Dirac spinor fields and B is a complex bulk scalar field. All coupling constants are independent and of order one. The configuration shown in Fig.6 is approximated near our wall by
where d is the distance between the walls. The (pseudo) zero-modes trapped on our wall can be approximated near our wall as follows.
where C λ L i , C χ R j are complex and C B is real. Thus effective Yukawa coupling y eff that appears in the four-dimensional effective theory is,
The measure of the CP violation ∆ is calculated from this y effij and it is shown in Fig.7 .
Summary and discussions
Here we discussed the CP violation in the context of the brane world scenario and considered a possibility that the CP violation in our world is caused by the existence of other wall, which is located distant from our wall along the extra dimension. We emphasize that our CP violating mechanism does not need any bulk fields mediating the CP violating effects to our wall in contrast to Ref. [16] . One of the characteristic features of our scenario is that the CP violation effects observed on our wall decays exponentially as the distance between our wall and other wall increases.
We often encounter the case that only a single-wall configuration is known exactly but we do not know an exact double-wall configuration representing the coexistence of our wall and other wall. In such a case, we proposed a practical method of the estimation for the amount of the CP violation induced on our wall. Namely we estimated the CP violation effect by using only a knowledge about the single-wall configuration. The validity of this approximation is also confirmed.
We also considered an interesting case that CP is conserved when each wall is isolated, but violated when the two walls coexist. This is similar to the situation discussed in Ref. [18] , where the configuration breaks the supersymmetry instead of the CP symmetry.
The measure of the CP violation ∆ defined in Eq. (28) shows the amount of the possible CP violation in the case that there are no extra suppression mechanisms of the CP violation effects. In the minimal standard model, for example, the only CP violating phase is the Kobayashi-Maskawa phase and in our scenario it is of order ∆, which is generically too small to realize the experimental data. However our scenario can be used as a mechanism that suppresses too large CP violation for models involving more parameters such as supersymmetric standard models.
Here we gave a specific model, which realizes non-equidistant wall configuration along the compactified dimension, as a calculable double-wall configuration. In this model, the ratio of the compactified radius R to the wall distance d can be set to arbitrary values. This means that we can interpolate the case of compact and non-compact extra dimension. Thus the model proposed in Section 2 may be useful for not only the discussion of the CP violation but also other purposes.
